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METHOD AND APPARATUS FOR VOLATILITY ANALYSIS OF 
INTEREST RATE SENSITIVE FINANCIAL INSTRUMENTS 

1. FIELD OF THE INVENTION 

This present invention relates to a method for assessing the exposure of a financial 
instrument (or portfolio of financial instruments) to risks and, more specifically, of assessing the 
exposure of a fixed income instrument (or portfolio of instruments) to risks of changing interest 
rate volatility. 

2. BACKGROUND OF THE INVENTION 

Fixed income investors have long recognized the movement of interest rates as the primary 
source of returns, and of risk. Indeed, interest rate changes greatly affect the value of a fixed 
income instrument, such as a bond; however, such rate changes have not been predictable with 
certainty. 

In making decisions regarding purchasing, selling or holding a particular instrument— or, 
in the case of a portfolio, in assessing the risks and returns of the portfolio— an investor or 
portfolio manager who is willing to take a position with respect to the expected rate movement will 
structure investment(s) to benefit most from an anticipated favorable change in rates, or to lose the 
least in the event the expected change is unfavorable. 

Other, more passive, investors may attempt to avoid taking positions (or bets) on the 
direction of rate changes and will rather minimize die risk of negative performance against an 
investment benchmark. The benchmark may be, for example, the present value of the liabilities in 
a pension plan funding, the value of guaranteed income certificates issued by an insurance 
company, or the return on a broad market index used to judge a portfolio manager's performance. 
No matter what the particular benchmark, the passive investor will set up investments to react to 
interest rate changes in the same way in which the benchmark reacts to those chan gcs. 

In either event — active exploitation of interest rate forecasting or passively guarding against 
interest rate movements affecting the relative valuation of an investment portfolio—the investor 
requires the ability to measure or assess the exposure of a portfolio to interest rate chan ges. 
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Similarly, a portfolio manager considering an investment in a single security may wish to analyze 
the proposed investment against other potential investments to determine which of the several 
investments pose the greatest risk or offer the greatest potential for return when exposed to interest 
rate changes. 

On this note, it should be said that being aware that movement of interest rates is the 
primary source of retains and risks with respect to fixed income investments, quantitative 
measures of such returns and risks have previously been developed and are available in the prior 
arc Perhaps the most widely accepted tool for assessing risks / returns on fixed income 
investments due to interest rates fluctuations is the "duration" of the investment Duration may be 
thought of as a method for comparing interest rate risk between investments with differing coupon 
rates and maturities. The output of the duration calculation is the weighted average of all cash 
flows for a particular instrument (or portfolio of instruments). Instruments with higher durations 
offer greater risk than instruments with relatively lower durations with respect to interest rate 
fluctuations (Le^ the price of an instrument with a high duration will be more greatly affected by a 
one point change in interest rate than die price of an instrument with a low duration). 

Duration is perhaps better explained with reference to Concepts and Applications: 
Understanding Duration and Convexity- Chicago Board of Trade, 1990 available from the 
Literature Services Department, Chicago Board of Trade, 141 W. Jackson Boulevard, Chicago, 
Illinois (hereinafter "Concepts and Applications"). 

Although it is accepted that duration is (Hie risk measure to be considered in assessing the 
valuation of interest rate dependent instruments, it is recognized that at least one other risk measure 
known as "convexity" also plays a role in interest rate exposure. Convexity may be thought of as 
the measure of the change of duration as interest rate moves — it is, therefore, a secondary, 
derivative measure. 

Convexity is also explained in further detafl with reference to Concepts and Applications. 
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It has been recognized that both duration and convexity are to be considered in assessing 
the risks and potential returns of an interest rate sensitive instrument; however, the present 
invention farther recognizes that duration and convexity, taken alone, do not fully allow for 
assessment such risks and returns. Rather, it is recognized that some other risk measure(s) exist 
which contribute to assessment of these risks and returns. 

Fatoza and Oarifckit Advances in Bond Analysis & Portfolio Strategies, Probus 
Publishing Company, 1987 (hereinafter Fabozzi et aL further describes techniques of bond and 
portfolio management including discussion of duration and convexity and discussion of utilizing 
these tools in various portfolio and bond management applications including, by way of example, 
asset allocation, liability funding, analysis of fixed income securities with contingent cash flows, 
analysis and valuation of callable bonds, indexing of fixed income portfolios, and hedging. 

One definition of convexity given by Fabozzi etal. is "that portion of a bond's price change 
(as yields change) that is not explained by the bond's duration" (at page 23). Although it is true 
that convexity may be used to explain portions of a financial instrument's price change not 
explained by duration, it has been discovered by the present invention that at least one additional 
risk measure should be considered in assessing the risks and potential rewards of a financial 
instrument It should be noted that a more classical definition of convexity is given as the rate at 
which duration itself will change when interest rates change. Thus, the definition of convexity is 
classically tied to the level of interest rates and is typically not defined to describe collectively all 
risk measures not explained by a financial instrument's duration, as may be implied by Fabozzi et 

Faboza et aL at pages 19-32, discusses the effects of interest rate fluctuations and the 
volatility of the bond market as an influence cm option valuation. Fabozzi er al rJigryctmzrs the 
volatility of bond prices as a primary reason for the difference between the performance of callable 
and non-callable bonds. However, in discussing the volatility of bond prices, Fabozzi et al. 
appears to be refcring to the fact that prices change; not to measuring and considering die degree of 
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change. In fact Fabozzi et al. appears to recognire a tic between price changes and changes in 

levels of interest rates, stating at page 30: " 

The choices arc difficult Ultimately, coned macroeconomic forecasts will dominate 
the active/passive choice. WOi volatility increase or diminish and when? Will rates 
go up or down and when? What is it that influences volatility! How do interest rate 
changes and volatility changes tradeoff? When does the volatilityAnterest rate 
forecast favor one index over die other? These are the tough questions that should be 
addressed" (emphasis added). 

Thus » Fabozzi et al. recognizes that bond prices are volatile; however, known techniques 
for assessing risks and potential rewards associated with financial instruments have realized that 
the prices of finan c i a l instruments change over time (Lc^ prices are volatile); and even that interest 
rates themselves change over time (Le., interest rates are volatile). However, having recognized 
die price of financial instruments chan ge over time (and die level of interest rates change over 
time), known methods of assessing risks and evaluating potential rewards in financial instrument 
investments have only considered the level of interest rates at the beginning of a period and the 
level of interest rates at the end of a period in assessing the risks and rewards associated with such 
financial instruments. Such known methods have not considered the effect of volahty of interest 
rates during the measurement period as a factor in assessing risks and rewards. 

As will be seen, it is discovered by die present invention that a key risk measure in 
assessing valuation of bond (and similar financial instrument) prices, is the stochastic nature of 
volatility of interest rates, in addition to the well-established risk associated with the level of such 
interest rates. 

Thus, it is an objective of the present invention to develop an improved method and 
apparatus for assessing the risk /return of an investment (or portfolio of investments). 

Itisa second object of the present invention to define an additional measure for assessment 
of risks and returns for interest rate sensitive financial instruments. In particular, the present 
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invention defines an additional measure for assessing risks and returns due to changing interest rate 
volatility. 

It is yet a third object of the present invention to provide facility for a portfolio or 
investment manager or the like to assess the risks and potential returns of a portfolio or investment 

Hiese and other objects of the present invention will be better understood with reference to 
the below Detailed Description of the Preferred Embodiment and with further reference to the 
several Figures. 
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SUMMARY QF THE DISCLOSURE 

A system for analysis of the potential interest rate sensitive risks and returns of financial 
instruments is disclosed The present invention recognizes that conventional methods of 
assessment of potential rewards and risks of interest rate sensitive financial instruments relying on 
expectations of changes in the level of interest rates is incomplete. Therefore, the present invention 
has identified an additional risk measure to be considered in assessment of interest rate related risks 
and rewards; specifically, it has been discovered that volatility of interest rates, in addition to the 
level of interest rates, affects valuation of certain financial instruments — in other words, even if the 
level of interest rates is identical at time TI and time T2, the valuation of certain financial 
instruments may be effected by the volatility ininterestratelevekbetween time Tl and Tl 

In particular, a method for assessing the exposure of a financial instrument to interest rate 
changes has been defined wherein a volatility exposure value is calculated representative of die 
percentage change in the price of the financial instrument resulting from a one unit change in the 
volatility of interest rates. 

Initially, the present invention calls for assessing the risks associated with volatility of 
interest rates, Le^ calculating die volatility exposure value. Then, in certain applications 
(hereinafter termed expectations! applications), such as active management, an expectation as to the 
volatility of interest rates during a holding period is formed. The expectation and volatility 
exposure values are used to determine and maximize potential rewards associated with a financial 
instrument during the holding period for which the expectation has been formed. In other 
applications, (hereinafter teemed non-expectational applications), such as indexing, hedging and 
immunization, decisions may be made regarding particular financial instruments and portfolio 
fbmaiion after having calculated the volatility exposure value. 
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In the preferred embodiment of the present invention, the volatility of interest rates is 
applied as a stochastic factor in formulation of the relative risks and returns of the financial 
instrument. 

The present invention further discloses means for calculating a volatility exposure value and 
means for applying an expectation of interest rate volality during a holding period and calculated 
volatility exposure value to a financial instrument to assess the risks and potential rewards of the 
financial instrument. 

These and other aspects of the present invention will be described in greater detail with 
reference to the Detailed Description of the Preferred Embodiment and the accompanying figures. 
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BRIEF DESCRTPTTON OF THE DRAWINGS 

Figure 1 is an overall block diagram of a computer system as may be utilized to by the 
present invention. 

Figures 2(a) and 2(b) is useful for illustrating the concept of duration. 

Figure 3 is useful for illustrating the concept of convexity. 

Figure 4 is an overall flow diagram of a volatility management process as may be utilized 
by the present invention. 

R gure 5 is a flow diagram illustrating development of a model of the term structure of 
interest rates, as may be utilized by die present invention. 

Figure 6 is a flow diagram illustrating development of computational procedures as may be 
utilized by the present invention. 

Figure 7 is a flow diagram illustrative of application of expected volatility and levels of 
interest rates to an assessment of the relative 
instrument 

Figure 8 is an overall flow diagram of the current implementation of the present invention. 

Figure 9 is a flow diagram illustrating input of specifications, objectives and parameters, as 
may be accomplished by the current implementation of the present invention. 
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Figure 10 is a flow diagram illustrating steps for computing an implied market volatility as 
may be accomplished by the current implementation of the present invention. 

Figure 11 is a flow diagram illustrating a method for specifying information about an asset 
as may be accomplished by the present invention. 

Figure 1 2(a) is a flow diagram illustrating a first method for specifying information about a 
liability as may be accomplished by the present invention. 

Rgurc 12(b) is a flow diagram illustrating a second method for specifying information 
about a liability as may be accomplished by the present invention. 

For ease of reference, it might be pointed out that reference numerals in all of the 
accompanying drawings typically are in the form "drawing number/" followed by two digits, xx; 
for example, reference numerals on Figure 1 may be numbered lxx; on Figure 7, reference 
numerals may be may be numbered 7xx. 
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raTATTJED PFSTRTTTfON OF THF PRFFRRBHP BMBftPIMETf I 
A portfolio analysis and management system is described In the following description, 
numerous specific details are set forth soch as specific formulas, etc^m order to provide a 
thorough understanding of the present invention. It wffl be obvious, however, to one skilled in the 
art that the present invention may be practiced without these specific details. In other instances, 
wefl-known circuits, structures and techniques have not been shown in detail in order not to 
unnecessarily obscure the present invention. 

TRBMINnijOGY 

Prior to describing the present invention in detail, it is worthwhile to discuss and define 
certain terminology used in the following description. This definition is useful not only for 
purposes of an understanding of the particular processes of the present invention; but also for an 
appreciation of the scope of the invention. For example, the term "financial instrument" is used 
throughout this description and in the claims; although used in its singular form and unless stated 
otherwise, this term may be taken to mean a single financial instrument (e.g-, a bond); a plurality 
of financial instruments having substantially identical maturities and coupons; or a plurality of 
diverse finanrfai instruments, often termed a portfolio. 

Wn^rialTnstnimem: Refer to one or more of the many devices representing financial interests 
such as bonds and similar securities, and options on these devices. The 
present invention is particularly applicable to any of anumber of fixed 
income devices and/or options on such devices. Particular ones of such 
devices are discussed in greater detail below. When used in the following 
description unless apparent to the contrary, the singular term "financial 
instrument" shall be taken to mean either a single financial instrumem or a 
portfolio of such instruments including a portfolio comprising individual 
financial instruments of various types, maturities and coupon values. 
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Portfolio Managg Refers to the individual or group of persons responsible for analyzing, 
valuing, and making decisions regaiding the acquisition or disposal of a 
financial instrument regardless of whether such a portfolio manager i s 
responsible for managing a large portfolio such as an investment fund, 
pension fund, etc., or the portfolio manager is an individual responsible for 
management of personal investments. 

Oration: Refers to a tool for comparing interest rate risk between financial 

instruments with differing cash flows (eg., coupons and maturities) and 
summarizing in a single number the sensitivity of the financial instrument to 
interest rate list A classical definition of duration is the weighted average 
of term to maturity of the cash flows of a financial instrument where the 
cash flows are expressed in terms of their present values. Duration is also 
known as Macaulay duration to distinguish from modified duration as 
defined below. 

Modified Duration: Refers to a measure of the expected price change associated with financial 
instrument associated with a one basis point (BP) change in interest rates. 
Modified duration is also referred to as basis point values (BPV). A 
fonnula for calculation of modified duration is given as: 

I>uratian/(1 + yield/frequency) 
Duration wiD be discussed in greater detail below. 
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Convexity may be thought of as a second-cider measure of the sensitivity of 
a financial instrument to changes in interest rates. Convexity will be 
discussed in greater detail below. 



Yield: 
Volatility : 



Refers to the percentage return on an investment 

Refers to the degree to which interest rates fluctuate from period-to-period 
(eg., day-to-day, week-to-week); and specifically to the variance of such 
flucuatioiL As will be seen, the present invention utilizes volatility as a 
stochastic factor in assessment of the exposure of financial instruments to 
interest rate changes. In the preferred embodiment, volatility is specifically 
defined as die variance (and more specifically, as the square root of the 
variance, eg. its standard deviation) of the changes in the interest rate of a 
given maturity, expressed on an annualized basis. It might be noted that in 
a number of references (eg., Fabozzi et; aU . the term volatility is used; 
however, in these references, the term volatility is used either (a) to refer to 
volatility of the price of financial instruments themselves, or (b) to discuss a 
principle reason for changes in pricing of financial instruments, e.g^ 
interest rates change over time (in other words, interest rates are volatile); 
importantly, these references discuss assessing die exposure of financial 
instruments to interest rate changes in terms of duration and convexity and 
such references have not considered volatility of interest rates as a 
separable, stochastic factor in this assessment 



Volatility Exposure Value : Refers to a calculated value, based on interest rate volatity, 

representative of the percentage change in valuation of a financial instrument 
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resulting from a one unit change in volatility. The term volatility exposure 
value is also referred to herein as the implied market volatility. 



QYERYIEffi 

It has long been accepted that the movement of interest rates represents the single greatest 
source of returns and risks in fixed income and similar financial instruments. Through various 
techniques portfolio managers have attempted to capitalize on the fluctuation of interest rates and 
the influence of such fluctuation on the returns and risks of a financial instrument One 
well-known technique for measurement of sensitivity of a financial instrument to interest rate 
fluctuations is duration. It is well-established that duration explains a significant portion of the 
percentage change in the value of a financial instrument as interest rates change. However, it is 
also well established that duration, in and of itself, does not explain the entire price movement of a 
financial instrument due to interest rate changes. Therefore, a second-order measure of price 
sensitivity of a financial instrument to interest rate changes is also well known — convexity. 

Using these two measures of price sensitivity, it has been said that "the percentage change 
in price [of a interest rate sensitive financial instrument] equals the sum of two components, (1) the 
percentage change in price due to convexity, and (2) the percentage change in price due to 
duration." (Concepts and Applications at page 8). Duration and convexity will be described in 
greater detail below. However, duration and convexity do not completely describe interest rate 
sensitive price changes in financial instruments; as will be seen, it has been discovered by the 
present invention that there an additional risk measure, volatility of interest rates (Le., the degree to 
which interest rates fluctuate over time), which should be considered and which perhaps completes 
the equation for determining the price sensitivity of a interest rate sensitive financial instrument to 
changes in interest rates. 
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REVIEW QF CALCULATION OF THE DURATION OF AN FINANCIAL INSTRUMENT 
It is useful to turn to Figures 2(a) and 2(b) to review calculation of die duration of a 
financial instrument Figure 2(a) illustrates the cash flows and present values of a seven year, 
seven percent (7%) bond and illustrates the duration of the instrument as being approximately 5.6. 
Each column of Figure 2(a) represents a coupon payment 20 1 with the shaded portion of each 
column, such as shaded portion 202, representing the present value portion of the payment for the 
period. In addition, in the final (seventh) year, die principle repayment 203 with the shaded 
portion 204 representing die present value of the principle repayment The duration value (again 
calculated as the weighted average tern to maturity of the cash flows of the financial instrument 
where the cash flows are expressed in terms of their present values) may be thou ght of as a balance 
point on a seesaw, as represented by triangle 205. (This concept is explained in greater detail with 
reference to Concepts and Applications, at pages 2-3*) 

Turning now to Figure 2(b), an illustration is provided of the duration of a seven year, 
fourteen percent (14%) bond As can be seen, the duration of this instrument is slighdy less than 5 
years; lower than the duration of the instrument illustrated with reference to Figure 2(b) although 
the maturities and coupon schedule of the two instruments is identical, the difference in this 
exemplary case being caused by the difference in yield The increased yield of this instrument 
results in a relative movement of the weighted average tenn to maturities of cash flows being 
moved forward — this weighted average being the duration. 

Now, it may be worthwhile to reflect momentarily as to why duration is a si gnificant 
measure. Assume the present cash value of both the instrument of Figure 2(a) and the instrument 
of Figure 2(b) is identical — say, $1000.00. (The present cash values may be equal, for example, 
because the principl e amount of the instrument of Figure 2(b) is lower than that of Figure 2(a) 
although the interest rate is higher for the instrument of Figure 2(b)). However, as is indicated by 
the duration calculation, the instrument of Figure 2(b) will, as a weighted average, produce cash in 
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hand at an earlier date. Therefore, the cash will be available for reinvestment in other financial 
instruments. Assume that a portfolio manager wishing to choose between purchasing the 
instrument of Figure 2(a) or the instrument of Figure 2(b) believes interest rates will generally 
increase between today and the maturity of the two instruments in seven years. In this case, and 
again assuming equal present values, the portfolio manager will choose to purchase the instrument 
of Figure 2(a) so as to have cash at a relatively earlier date to reinvest at the anticipated higher 
interest rates. If instead the portfolio manager expects a general decline in interest rates, the 
manager will choose the instrument with the higher duration. 

Therefore it is seen how duration may be used to compare financial instruments havin g 
differing coupon rates and maturities. However, the duration calculation does not provide 
significant guidance as to the relative risks and potential returns of the two instruments; in other 
words, what is the percentage effect on today's price of the instruments of a one-percent change in 
interest rates? Modified duration partially provides an assessment of the relative risks and potential 
returns of an instrument by expressing a value representative of the percentage interest rate 
dependent price change of a financial instrument due to a one point change in the interest rate. 
To repeat the formula far calculation of modified duration: 

Duration / (1 + yield/frequency) * Portfolio market value * 0.0001 
Therefore, the financial instrument of Figure 2(a) has a modified duration of: 

5.6/ (1+0.07/1) = 5.23 
reflecting an expected change in the market price of the instrument of 523 percent for each 
percentage point change in interest rates. The financial instrument of Figure 2(b) has a modified 
duration of: 

5.0/(1 +0.14/1) =438 
reflecting an expected change in the market price of the instrument of 438 percent for each 
percentage point change in interest rates. Thus, based on modified duration calculation, the 
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financial instrument of Figure 2(a) offers larger potential rewards in the event of decreases in 
interest rates with corresponding larger potential risks in the event of iixaeases 



REVIEW OF CALCX JLATTON OF THE CONVEXITY OF AN ASSET 

As can be appreciated, fee above-described duration calculation indicates a constant 
relationship between interest rates and financial instrument price. Such a constant or linear 
relationship is represented by the straight line 301 of Figure 3. However, relatively larger changes 
in yield have been shown to generally have a relatively larger effect on price and a typical 
pricc^ield curve is actually more convex than straight line, as illustrated by convex curve 302. In 
orferto more accuratdy predict price, this convex nature of the pricefyield curve may be taken into 
account—this risk measure is often tamed convexity. As can be seen, for relatively small yield 
changes, the duration may be used to closely app r oxim ate die convex curve. However, for larger 
changes, such as a change from yield Y 303 to new yield 304; the straight line approach of 
duration introduces significant error in price prediction. This error, represented by line 305, is due 
to the convex nature of the relationship between price and yield. 

CALCULATION OF THE VOLATILITY EXPOSURE OF AN ASSET 

Two components have now been discussed which are useful for determining the 
relationship between interest rates and the price of financial instruments. However, die present 
invention has recognized a third component which influences this relationship — the volatility of 
interest rates. Although it has long been recognized that pricing of financial instruments is 
influenced by movement of interest rates, heretofore, methods for assessing the exposure of 
fin ancial instrument to interest rate have merely taken into account the amount of chan ge in interest 
rates as a risk measure and not the relative volatility of such changes. 

The following example shows why interest-rate volatility is critically important in 
determining the value of bonds. Consider a bond with a two-year call option. The value of this 
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option on the bond depends on the volatility of the two-year rate. Volatility measures the band in 
which the two-year rate will probably change. Clearly, as volatility increases, this band becomes 
wider, and the option becomes more valuable. Stated another way, if interest rates have an higher 
chance of decreasing, the option is worth more to its issuer. Measuring the volatility of interest 
rates is thus crucial to valuing the instrument as a whole. 

Measuring volatility is thus critically important to fixed-income portfolio managers. 
Interest-rate volatility changes over time, just as interest rates themselves change. During some 
periods, interest rates are relatively stable and exhibit low volatility. In other periods, the market 
moves up and down and exhibits higher volatility. Just as the portfolio manager needs to know the 
effect that changing interest rates have on portfolio value (as may be at least partially determined 
through use of duration and convexity measurements), it is important to be aware of the effect of 
changes in volatility the value as well 

It has been discovered mat volatility of interest rates is particularly influential for options or 
securities with option-like characteristics such as callable bonds; however, the volatility of interest 
rates affects the pricing behavior of all fixed-income financial instruments to some extent. In fact, 
the methods of present invention may be applied to assess the exposure of a large number of 
financial instruments, and a large number of financial decisions, to interest rate changes. A 
number of these financial devices and decisions are detailed in the section subtided Applications of 
the Present Invention, below. 

The volatility management process may be viewed as a five-step process which is 
illustrated with reference to Figure 4. 
Term Structure 

Initially, in order to consider volatility in the pricing of financial instruments, it is necessary 
to develop a model of the term structure of interest rates in which volatility is a stochastic factor, 
block 401. In the preferred embodiment, the model of the term structure recognizes one of the 
driving influences in fixed income financial instrument pricing is the level of interest rates; the 
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model of the preferred embodiment calls fir a theory in which volatility constitutes a stochastic 
factor in addition to the interest rate factor. The development of the theory preferably involves 
specification of a joint stochastic process for the two factors (level of interest rates and volatility of 
interest rates), Figure 5, block 501; deriving the equilibrium condition, block 502; specifying the 
nature of the risk premium, block 503; and solving the resulting differential equation for the bond 
price, block 504. As one aspect of the present invention, such a model of the term structure has 
been developed and is given below in the section subtitled Volatility as a S tochastic Factor in Term 
Structure Models. 

Volatility Exposure 

After having determined a model of a term structure having volatility as a stochastic factor, 
it is then necessary to determine volatility exposure where volatility exposure is defined as the 
percentage change in the bond price resulting from a unit change in the volatility, block 402. As 
can be seen below, volatility exposure may be calculated as the partial derivative of the logarithmic 
price with respect to volatility and is documented as the function F below. 

As one alternative to the prefened embodiment, volatility exposure may be calculated as the 
partial derivative of the logarithm of price (as above), however, where volatility is a deterministic 
parameter, as opposed to a stochastic factor. In such an alternative, it is not necessary to determine 
a model of the term structure of interest rates where volatility is a stochastic factor, bu t rather, the 
term structure model of the preferred embodiment may be replaced with any of a number of 
published term structure models having level of interest rate factors only. It might be noted that a 
theoretical justification for this alternative approach is ladrin g; however, the alternative may be 
expected to yield results with some practical value and offers a level of simplification over the 
approach of the prefened embodiment 

Computational Procedures 

After having determined a volatility exposure measure, bl ock 402, it is desirable to develop 
computational procedures to allow for practical application of the volatility exposure measure to 
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financial instruments. As will be discussed in greater detail below, the present invention has, in its 
preferred embodiment, implemented a computer-based application for computation of the volatility 
and duration of a financial instrument, and in specific, for computation of the volatility and 
duration of a portfolio of fixed income investments. 

Prior to discussing the implementation of the preferred embodiment in detail, it may be 
worthwhile to provide an overview of the necessary computational procedures. First, after having 
determined a volatility exposure measure, it is desirable to develop mathematical procedures for 
computing functions for the duration exposure (D) and the volatility exposure (F), block 601. In 
the preferred emrxxiiment, these procedures are defined as discussed below in connection with the 
subsection titled Volatility as a Stochastic Factor in Term Structure Models. 

Next, it is necessary to develop apparatus and methods for calculation of the financial 
instrument mean and variances of return resulting from a given set of factors and the corresponding 
exposure measures, block 601 Such apparatus and methods are preferably implemented in the 
computer system described below. 

Finally, it is necessary to estimate the various parameters for entry into the stochastic 
equations for duration and volatility and the specification of risk premium. These estimates then 
need to be applied to the appropriate data series to produce numerical values. 
Forming f?w*rtotj m 

As prices of financial instruments are (tetermined by the level of interest rates and the 
volatility rate, a portfolio manager wishing to assess the expected returns and risks from holding a 
financial instruments must form a coherent view of the development, over the next holding period, 
of interest rates and their volatilities, block 404. As interest rates and volatility are not forecast 
with certainty, the portfolio manager will typically forecast in the form of a probabilistic 
description, Lc, with a likelihood of x, interest rates will increase by z, and volatility win increase 
byw. With respect to interest rate levels, the portfolio manager may choose to accept market 
implicit forecasts (Le., forward rates adjusted for risk premium), or he may form an opinion 
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separate from such forecasts. As to the variance of interest rales (the number represented by 
volatility), the portfolio manager first determines what level of volatility is expected by the market 
The application of levels of expectation to volatility exposure is illustrated with reference to 
Figure 7. Initially, a portfolio manager may form an expectation El as to the level of volatility in 
interest rates during a relevant holding period, block 701. The portfolio manager may then form an 
expectation E2 as to the expected level of interest rates during the holding period, block 701 The 
expectation El and expectation E2 are applied to a formula F (given below, in the subsection titled 
Volatility as a Stochastic Factor in Term Structure Models), blocks 703 and 704. The result of 
formula F is an output V representative of die volatility exposure level of the instrument during the 
relevant period, block 705, where the volatility exposure value V is representative of the percentage 
change in valuation of the financial instrument resulting from a one unit change in the volatility of 
interest rates. The portfolio manager may then evaluate the relative risks and potential rewards of 
the financial instrument based on the volatility exposure level V, block 706. 
Implementation in an investment strategy 

Finally, the portfolio manager must implement an investment strategy. Implementing an 
investment strategy in general comprises the step of constructing and maintaining a set of financial 
instruments (or a portfolio) that represents as nearly optimal position as possible with respect to the 
returns and risks which are attributable to expected changes in die level of interest rates and the 
volatility of interest rates. 

The specifics of implementing a strategy vary depending on the particular investment 
objectives. For example, for general accounts, die objective may be to invest in financial 
instruments which represent an efficient tradeoff between risk and return, Le, the portfolio can not 
be improved upon in terms of expected return without taking additional risk and, the level of risk 
can not be improved 0owered) without reducing expected return. Levels oTrisks and returns in 
such a case are evaluated taking into accoum both interest rate and volatility fiact^ 
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A different situation arises when the portfolio manager desires a return which compares 
favorably with a specific benchmark, cg^ the performance of an index, fa such a situation, the 
objective is to minimiz e the variance of the difference between the benchmark and the portfolio 
return. 

In other cases, the benchmark may be set by the fund liabilities, such as certificates of 
deposit or guaranteed income securities. In these cases, the objective may be to mflYimiVp the 
probability of funding the liabilities. 

A particularly pervasive situation is that of pension plan funding where the assets are 
supposed to be sufficient to fund payments to beneficiaries when due. A popular technique, 
termed immunization, eliminates or minimiyrs interest rate ride; however, prior art methods do not 
provide any protection against volatility risk. The present invention provides tools for immunizing 
portfolios against both sources of risk. This closer control may have the effect of extending 
investment opportunities by allowing the portfolio manager to consider investments that would 
otherwise be considered incompatible with the objects (Lc, callable bonds). 

Certain other applications of the present invention are detailed immediately below. These 
applications include hedging, where the hedges are constructed with regard to both interest rate and 
volatility factors; construction erf synthetic securities (that is, portfolios which minric the behavior 
of a given security under all circumstances but which may allow for an increased return under 
certain of die circumstances); and performance measurement where, by applying the methods of 
the present invention, realized results can be attributed to the proper sources. 

APPLICATIONS OF THE FRF-SFNT TMVPNTTONJ 

Although much of the above discussion has related to the application of the methods of the 
present invention to assessment of a fixed income financial instrument, it should be noted that the 
present invention has application to assessment of other assets. For example, the present invention 
has application in the following areas: 
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(A) Individual asset assessment applications: 

(1) Valuation of default-free securities; 

(2) Valuation of future contracts; 

(3) Valuation of options including options on future contracts and fixed income 
investments; 

(4) Cbntingent claims analysis; 

(5) Synthetic security analysis; and 

(6) Mortgage backed security valuation; 



(B) Portfolio assessment applications: 

(1) Portfolio optimization; 

(2) Portfolio hedging; 

(3) Portfolio indexing; 

(4) Immunization; 

(5) Active Management; 

(6) Liability Funding; and 

(7) Asset/liability management 



IMPLEMENTATION QF THE CURRENTLY PREFERRED EMBODIMENT 
The computer system of the preferred embodiment 
The present invention preferably utilizes a computer system to perform certain data 
manipulation and storage. By way of overview, it may now be useful to provide description of the 
computer system of preferred embodiment and such a computer system is described with reference 
to Figure 1. The prcfemed embodiment of die present invention is implemented on one of 
members of the IBM Personal Computer family or computer systems compatible with members of 
this family. In particular, die computer system of the present invention is implemented on a IBM 
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PC capable of executing the OS/2 operating environment As will be familar to one of ordinary 
skill in the art, this operating system includes windows, pull-down menus, buttons, and mouse 
support, aUofwhichmcreasetheu^-Mendliijessofthes It will, of course, be obvious to 
one of ordinary skill in the art that any number of other computer systems may employ the 
teachings of the present invention. 

In any event, a computer system as may be utilized by the preferred embodiment generally 
comprises a bus or other comTrmmcarion means 10 1 for rommunicating information, a processing 
means 102 coupled with the bus 101 for processing information, a random access memory (RAM) 
or other dynamic storage device 104 (commonly referred to as a main memory) coupled with said 
bus 101 for storing information and instructions for said processor 102, a read only memory 
(ROM) or other static storage device 106 coupled with said bus 101 for storing static informarion 
and instructions for said processor 102, a display device 122 , such as a cathode ray tube, liquid 
crystal display, etc, coupled to the bus 101 for displaying informarion to the computer user, an 
alphanumeric ^Put device 125 including alphanumeric and other keys coupled to said bus 101 for 
communicating information and command selections to said processor 102, and a cursor control 
device 127, such as a mouse, track ball, cursor control keys, etc, coupled to said bus 101 for 
canmumcating information and command selections to said processor 102 and for controlling 
cursor movement. Finally, it is useful if the system includes a hardcopy device 129, such as a 
printer, for providing permanent copies of information. The hardcopy device 129 is coupled with 
the processor 102, main memory 104, static memory 106 and mass storage device 107 through 
bus 101. 

The processor 102 of the preferred embodiment is one of the 80x86 imcroprocessor family 
inanufactured by Intel Corporation of Santa Clara, California, and more specifically is an 80386 
processor. The current iniplementation of the present invention requires at least 4 megabytes of 
main memory 104 for proper execution. Further, significant advantages are gained through use of 
a relatively high density and high speed mass storage device such as a hard (e.g., fixed) disk over 
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use of relatively less dense and slower devices, such as typical removable (e.g.» floppy) disks. 
The current implementation of die present iiwention requires approxiniatcly 1 n^gabyte of disk 
space for installation. 

It will be apparent* from an understanding of the present invention from die below 
description, that several of the above-mentioned components of the computer system of the 
preferred embodiment are not essential to operation of a computer system employing aspects of the 
present invention. For example* the cursor control device 127, and haid copy device 129 may not 
be present in certain implementations* 

As will be understood, the present invention may utilize the processor 102 for processing 
instruction; for example, as a means for processing a volatility exposure value. The present 
invention may further utilize the mass storage device 107 to store certain information; for example, 
as a means for storing certain data inputs, such as default data inputs- Further, the present 
invention utilizes the keyboard 125 and cursor control device 127 as data input means allowing 
input of data to be processed Still further, the system of the present invention utilizes main 
memory 104 as a means for storing data; for example, for storing a calculated volatility exposure 
value. 

The current implememffljon of the system of the present invention 
The current implementation of the present invention allows portfolio managers to quantify 
the effect of changes in volatility on portfolio value. The system provides the portfolio manager 
with an implicit market forecast of interest rates as well as volatility, and allows the portfolio 
manager to override these inputs with forecasts of their own. The system also recognizes spreads 
as an additional source of risk in die fixed income markets. 

The current implementation uses volatility forecasts or implied market volatility (along with 
other inputs discussed in greater detail below) to determine the optimal portfolio allocation among 
various asset classes. The optimal allocation minimizes the interest-rate risk, volatility risk, and 
spread risk at given levels of expected return subject to desired portfolio characteristics. In contrast 
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to traditional models, the model used in the system docs not mate the assumption that the yidd 
curve must shift in a parallel fashion to maintain the integrity of model results. Partial durations and 
convexities, which measure exposure to interest-rate movements at a given maturity, allow the 
model to depict more realistic movements in interest rates. 

Hie end result is an improved assessment of portfolio risk that can be used by both passive 
and active portfolio managers. 

Application to Portfolin Management 

The current implemention of the present invention can be used with any of the following 
five investment strategics: 

1 • Portfolio Optimization: Allows portfolio managers to maximize return at a given level 
of risk, subject to portfolio constraints; 

2. Portfolio Indexing: Allows portfolio managers to construct a portfolio that 
optimally tracks, and perhaps outperforms, a given index; 

3 . Liability funding Allows portfolio managers to optimally construct an 
immunized portfolio that can be used to fund a given liability stream; 

4- Asset/LiaMlitv Manag ftmrnt- Allows portfolio managers to construct positions 
that match the characteristics of assets and liabilities; and 

5. Portfolio Hedging: Allows the portfolio manager to construct synthetic 
securities or lock in a hedge. 

Each portfolio mentioned above consists of general securities that represent asset classes. 
Futures and options can also be processed as an asset class if the portfolio manager's strategy uses 
these instruments in the management process. 

Of course, it will be obvious to one of ordinary skill in the art that alternative embodiments 
of die present invention may address others of the areas of application of the present invention listed 
in the section subtitled Applications of the Present Invention, above. 
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Data files 

In the current implementation of the present invention, certain data files are provided to the 
user either at the time of ingfaiiatfrtfl of die system or on a supplemental basis after installation and 
aie stored on the mass storage device 107 for use during practice of the methods of the present 
invention. In particular, two of these data files are: 

OOROOMDAT This data file contains a correlation matrix, market price of risk and relative 
volatilities for all factor maturity points. The data in this file is based cm 
historical data and is utilized in calcuation of the volatility exposure; in the 
current implementation, the assignee of the present invention may provide 
updates to this file on a non-periodic basis. Of course, such data may be 
independently calculated and utilized in addition to obtaining die information 
through die assignee of the present invention. 

YYMMDD UTS These files contain weekly and last business day of the month's forward 

rates files. These rates are calculated from Friday's and/or the last business 
day's closing prices. These files may be, for example, provided by the 
assignee of die present invention each Monday or the first day of each 
month. In the current implemenation, these files are provided via mail on a 
monthly basis but can also be accessed electronically on a weekly basis 
through computer links with computer systems maintained by die assignee 
of die present invention. Of course, this data may be independently 
gathered and utilized in addition to obtaining the infbnBation through the 
assignee of die present invention. 

Operation of the current bnplementationqfthe present invention 



Perhaps the most expediant way of describing in some detail the current implementation of 
the present invention is by way of an example illustrating the steps involved in a sample run. Such 
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a sampleiun may be explained with reference to Figure 8. Initially, the user of the system inputs 
certain information such as specifications, objectives, and parameters, Hock 801. The input of 
specifications, objectives and parameters is discussed in greater detail with reference to Figure 9 
which shows, initially, a title for the run is specified by the user, block 901. In the current 
implementation, the title for the run is specified by positioning a cursor on the screen, using the 
cursor control devioe 127, in an area on die display 122 labeled TITLE and typing, using the 
keyboard 125, the desired title. The particular title may be any user chosen name for the run fitting 
certain limitation (eg., alphanumeric characters, length of the tide, etc.) which very well may vary 
from implementation to implementation. 

As will be understood, other data input steps which will be discussed in greater detail below 
may be carried out utilizing the cursor control device 127, display 122 and keyboard 125 in 
conventional manners and, limber, other data inputs are subjected to certain limitations and data 
editing steps which are well known in the art such as number of characters in the field, requirements 
for a given field to be numeric or alphabetic, etc. In order to avoid unnecessary complexity in this 
description, such limitations and data editing steps will not be further described 

Next, a holding period is specified, block 902. The holding period reflects the period of 
time the an asset combination is expected to be held without rebalancing the portfolio. The holding 
period is expressed, in the curren t implementation, in months and may be, for example, 12 months. 
Of course, a different holding period may be specified based cm die requirements of the particular 
nm. In the current implementation, the holding period must be entered as a number between 0 and 
12. 

Optionally, a total asset value and total liability value may be input, block 903. When 
performing portfolio optimization or hedging, die total asset value must be entered as the total value 
of all asset classes in your portfolio. For portfolio indexing, liability funding, and asset/liability 
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nmagememinvestmemotgcctives.tte 

liability value In the event a total asset value is not entered, the system assumes total asset value is 
equal to the total liability value. If total liability value is not entered, the sytem will calculate this 
value by summing the current holdings (Lc, the present value) of each liability class when you ran 
the program. 

Finally, an objective of the nm is specified, block 904, Currently, the system supports the 
objectives of Portfolio Optimization, Portfolio Indexing, liability funding, Asset/Liability 
Management, and Portfolio Hedging, each of which was discussed in greater detail above. 

Referring again back to Figure 8, the mqrtied market volatility is computed, block 802. The 
process for computing the implied market volatility requires information on at least one bond 
futures contract and at least one option on that contract to compute die implied volatility. This is 
described in greater detail by Figure 10. Initially, the current risk-free interest rate is specified, 
block 1001. Next, the price of a futures contract is specified, block 1002. The price is entered in 
to the nearest 1/32 of a dollar. Current futures prices may be found in any of a number of 
publications, including the Wall Street Journal 

Next, the duration of the selected futures contract is input, block 1004. The duration of 
futures contracts may be calculated as described above — further, a number of automated tools are 
available to perform duration catenations including a futures system available from the assignee of 
the present invention. 

Information is then specified on an option for the futures contract, block 1005. First, the 
expiration date of the option is specified; then, the strike price of the option is specified; and 
finally, the option premium is specified. Again, the eviration data, strike price and option 
premiums for options may be found in a number of publications including the Wall Street Journal 
In order to increase the accuracy of the implied volatility calculation, additioaal options may be 
altered including their strike prices and options premiums. In the current implementation, 
information on up to six options may be entered; however, all options must have the same 
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eviration date and must be options on the same futures contract In the event multiple options are 
„ entered* the options may be weighted based on their relative weights in indicating implied market 
volatility. 

The implied market volatility is then calculated utilizing the methods described below in the 
section subtitled Volatility as a Stochastic Factor in Term Structure Models, block 1006, and the 
resultant implied market volatility value is displayed on the display 121 

It is noted that in addition to calculating the implied market volatility, the current 
implementation of the present invention allows calculating option premiums given a certain 
assumed level of implied volatility. 

To calculate option premiums, the following information should be input: 
general information inclucfing £a) risk-free rate, (b) evaluation date, and (c) implied market 
volatility; information on the underlying security including (a) security type (it may be a bond or a 
futures contract), and (b) price of the security; and information on the option including (a) the 
expiration date and (b) the strike price. 

Next, correlation matrix defaults may be modified, block 803. As was mentioned above, in 
the preferred embodiment, a correlation matrix file is provided which comprises correlation 
coefficients obtained through studies of historical data. This data may be used as supplied in the 
CORCOMDAT file or may be modified for an individual run. These coefficients measure the 
degree to which movements in interest rates at a given maturity date relate to the measure of 
movements in interest rates at another maturity date. 

In addition to modifying the correlation matrix defaults, the current implementation allows 
for modifying other parameters including (1) relative volatilities, which measure the volatility of 
interest rates at maturity dates relative to die volatility of the long rate; (2) long rate volatility; and 
(3) market price risk, which is a measure of required compensation, in units, that an investor must 
receive for each unit change in the level of risk. 
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Tbc expected interest rates may be modified for each maturity point, block 804. The 
default expected interest rates are taken fiom fee YYMMDDJITS file and displayed cm the display 
122. 

Next, the current implementation allows input of information on specific assets and 
liabilities to be evaluated, block 805. The system allows input of three types of assets: (1) regular 
assets; (2) futures; and (3) options. Entering assets is described in greater detail with reference to 
Figure 1 1 which illustrates the steps for entering a regular asset Initially, an asset name is entered, 
block 1101. In the current implementation two formats of the asset name may be entered— a long 
format and a short format — allow for increased ease of reference to the asset class during operation 
of the system of the current implementation. Next, an upper limit (maximum) and lower limit 
(minimum) amount of die asset class to be held in the portolio is specified, block 1 102 and 1 104. 
These numbers are used during calculations to limit increases in holdings of this asset class when 
reaching an optimal solution. Next, the average maturity data for assets in the class is specified, 
block 1105; thai, the number of years until the first call date for assets in the class, block 1106; the 
weighted average life of assets in die class, block 1108; the weighted average life of assets in the 
class, block 1109; die average duration and average convexity, block 1112; the average coupon 
rate, block 1113; and average spread, block 1114, are specified. 

Additional regular assets may be entered in a similar fashion, specifying a unique name of 
the asset class, block 1 101, for each asset class entered. Asset classes may be updated by 
specifying the name of die asset class to be updated and updating the desired parameters. Asset 
classes may also be deleted by specifying the name of the asset class to be del ete and indicating a 
delete function. 

Futures may be input, updated and deleted in a similar fashion also; however, only the 
name, block 1101, upper limit, block 1102, and lower limit, block 1104, are entered for futures. 
The price, duration and convexity information is taken from the futures contract information 
entered earlier (see Figure 10). 
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Options arc entered similar to regular assets; however, again only the name, block 1101, 
upper limit, block 1 102, and lower limit, block 1 104 are entered 

Li a b ili t ies are altered in one of two forms; in the form of averages or in the form of 
cashflows. Liabilities entered in the form of averages is illustrated in greater detail with reference 
to Figure 12(a); lia b ilities entered in the form of cashflows in illustrated in greater detail with 
reference to Figure 12(b). Referring first to Figure 12(a), blocks 1201-1204 correspond to blocks 
1101-1104 of Figure 11 wherein a name of the liability is entered, block 1201; the upper limit for 
holdings of the liability is altered, block 1202; and the lower limit for holdings of the liability is 
entered, block 1204. Next, the present value and current holdings of the liability stream is entered, 
block 1205 and the stated maturity is entered, block 1206. 

Alternatively, and with reference to Figure 12(b), liabilities may be entered in terms of their 
cashflows. Initially, a liability name is entered, block 1221. Thai for each cash outflow, the year 
of the cash outflow is entered, block 1222, followed by the dollar amount of the cash flow, block 
1224. This process continues for each cashflow of the liability class and then additional liability 
classes may be entered by altering the class name, followed by the year and dollar amounts of cash 
flows. 

Finally, die current implementation allow specifying of certain optimization settings, block 
806, including die number of efficient portfolios to be calculated and the target return. The system 
will calculate the probability that the expected portfolio returns will be less than the target returns. 

Hie system is then run against the input data and the outputs reviewed, block 807. Five 
output windows may be displayed on display 121* (1) the optimal portolio window; (2) the asset / 
liability expectations window, (3) the asset / liability characteristics window, (4) the portfolio 
composition window; and (5) the portfolio characteristics window. The results displayed in any of 
these windows may be printed on hard copy device 129. 

Each of die windows displays the title of die run, the holding period, die objective, and die 
evaluation date, as input and described above. The optimal portfolio window displays the holding 
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of each asset class in the calculated optimal portfolio where the optimal portfoEo is defined as the 
efficient portfolio that has the minimum amount of risk of all of die efficient portfolios calculated 
by the system. The following data appears on this window: 



Expected Retain: The expected return of the asset portfolio or the expected mismatch 
between die return of die asset portfolio and the return of die liability 
portfolio. 



StanrfoTTl Deviation: The standard deviation of the expected return described above 



Asset Duration Total* The total duration of all asset classes combined 



Asset Duration at Factor Maturities: The partial asset durations at each factor maturity point 



Liability Duration Total: The total duration of all liability classes combined. 



Liability Duration at factor Maturities: The partial liability durations at each factor maturity 

point 



Asset Convexity Total: The total convexity of all asset classes combined 



Asset Convexity at Factor Maturities: The partial asset convexities at each factor maturity point 



Liability Convexity Total: The total convexity of all liability classes combined 



liability Convexity at Factor Maturities : Impartial liability convexities at each factor maturity 
point 



Asset Volatility Exposure: The asset portfolio's exposure to changes in market volatility. 

Liability Volatility Exposure The liability portfolio's exposure to 
changes in market volatility. 



Asset/Liability: The name of die asset or liability class. 



Duration: The duration of die asset or liability class. 



Convexity: The convexity of the asset or liability class. Duration and convexity are 

input by die user for all asset classes and liability classes input as 
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averages. The system calculates this number for liability classes input as 
cashflows. 


Volatility Expose- 


Hie volatility exposure for each asset and liability class. 


Current Holdings; 


The current holdings optionally input by the user for each asset and 
liability class. 


ODtimalPtortfoKo: 


The holdings of each asset class in the optimal portfolio. The optimal 
portfolio displayed on this screen is the efficient portfolio that has the 
minimum amount of risk among all of the efficient portfolios calculated 
by the system. 




Target returns entered as optimization parameters before running the 
analysis. As part of the analysis process, the system edentates 
probability that returns will be lower than the specified target returns. 
Return is defined as the expected return of all asset classes if only asset 
classes were defined in the input for die analysis. If a liability class was 
defined, return is the mismatch between asset returns and liability 
returns. If this return is positive, asset cashflows will outweigh liability 
cashflows. If return is negative, liabilities will exceed assets. 


Probability: 


The probability that returns will be lower than the target the return. 
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The asset / liability expectations window displays data on the expected return of each asset 
class over die expected holding period. The following data is displayed on this window: 





The expected return of each asset class over the specified holding period 


Standard Deviation: 


The standard deviation of expected return for each asset class. 


CpiT?Ja?iQpM?tri?P 


The correlation of expected return between asset classes. Correlation is 




the degree to which the return of two classes arc related. 



The asset/liability characteristics window displays certain characteristics of the assets and 
liabilities. This window displays the following data: 



Total Duration: The total duration of the asset or liability class. 

Total Conve xit y: The total convexity of the asset or liability class. 

Total Volatility Exposure: The volatility exposure for each asset and liability class. 

Duration Components: The partial durations for each asset and liability class at each factor 

maturity point 

Convexi tv Components: The partial convexities for each asset and liability class at each factor 
matnrity point. 
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The portfolio composition window displays data on calculated efficient portfolios. The 
following information is displayed cm this window: 



Portfolio Number Hie system calculates a number of efficient portfolios based on volatility, 
term structure, and asset and liability information. The efficient portfolios 
listed on this screen are listed in die order of increasing risk; each asset and 
liability combination represents an efficient portfolio. Each efficient 
portfolio is identified by a portfolio number The portfolio numbered one 
will always have the lowest risk (Le., lowest standard deviation). The 
system may not calculate the exact number of efficient portfolios input 
before running the analysis. The algorithm that the system uses may create a 
few more or a few less portfolios, depending upon the optimization 
process. 



gflgp: The expected return of each portfolio on the efficient frontier. 



Standard Deviation: T he standard deviation of the expected return above. 



AssetflJabfflty Class Nan* *: The holdings of each asset class in each of the efficient portfolios. 



Tarpet Retu m: The five target returns input before running die analysis. 



ftobabflfty: The probability that returns of each efficient portfolio will be lower than the 
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Finally, the portfolio characteristics window provides data on characteristics of the 
calculated efficient portfolios. The following data is displayed on the window: 



Portfolio: The number of the efficient portfolios. Each portfolio number corresponds 
to the portfolio with the same number on the portfolio composition window, 



Total Duration: The total duration of each efficient portfolio. 



Total Convexity: The total convexity of each efficient portfolio. 



Total Volatility Expose The volatility exposure for each efficient portfolio. 



Duration Components: The partial durations for each efficient portfolia 



^OT^^^Component: The partial convexities for each efficient portfolia 



VOLATILITY AS A STOCHASTIC FACTOR IN TERM STRUCTURE MODELS 

It has been notes by fixed-income practitioners that the 
volatility of interest rates changes in time. There are 
periods when the bond market is very volatile, with interest 
rates changing drastically from day to day or f rom hour to 
hour. At other times, the fixed- income markets are fairly 
quiet, with only gradual changes in interest rates. 
Typically, rates are more volatile when their level is high, 
and less eo in periods of generally low interest rates. The 
level ot rates, however , does not alone explain the 
differences in their volatility. 

Table 1 contains data on interest rate volatility over the 
period 1987-1989. The column labeled "Actual Variance- 
contains an estimate of the variance of changes in the yield 
on long u.s. Treasury bonds within each month. The numbers 
were obtained as the annualized variance over the month of 
daily returns on the nearest Treasury bond futures contract, 
divided by the duration of the futures contract. Even 
though the numbers arc estimates (subject to an estimation 
error of about 25% of their values), it is apparent that the 
volatility changes from month to month. These changes are 
recognised, and to an extent anticipated, by the market* 
The column "Implied Variance" provides the variance ot the 
long Treasury rate calculated from the premia on listed 
calls on the Treasury bond futures contract as of the last 
day of the previous month. 
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Actual and Implied Volatility of Long Treasury Sates 



Month 


Actual 


Implied 


Variance 


Variance 




xioooo 


xioooo 


1/87 


0.94 


1.39 


2/87 


0.84 


1.22 


3/87 


0.98 


0.84 


4/87 


3.51 


1.02 


5/87 


4.17 


2.11 


6/87 


2.85 


1.81 


7/87 


1.30 


1.57 


8/87 


2.14 


1.52 


9/87 


2.57 


1.38 


10/87 


8.94 


2.00 


11/87 


1.44 


3.57 


12/87 


3.38 


2.72 


1/88 


4.15 


2.44 


2/88 


1.16 


1.98 


3/88 


1.30 


1.36 


4/88 


1.00 


1.75 


5/88 


0.65 


1.66 


6/88 


3.34 


1.30 


7/88 


1.02 


1.68 


8/88 


1.11 


1.39 


9/88 


1.72 


1.39 


10/88 


1.10 


1.35 


11/88 


1.00 


1.38 


12/88 


1.50 


1.28 


1/89 


0.66 


1.16 


2/89 


0.98 


1.10 


3/89 


1.08 


1.02 


4/89 


0.92 


0.90 


5/89 


1.52 


0.81 


6/89 


1.69 


1.01 


7/89 


0.56 


1.01 


8/89 


1.10 


0.90 


9/89 


0.51 


0.97 


10/89 


0.58 


0.90 


11/89 


0.49 


0.84 


12/89 


0.26 


0.68 



It has been likewise realized that interest rate volatility 
attects prices and returns of fixed-income securities. This 
is most apparent on interest rate options and instruments 
with embedded option features, such as callable bonds or 
mortgage-backed securities, indeed, all results dealing 
with pricing of options, starting with the Black/Scholes 
formula, show strong dependence of the option price on the 
variance of the underlying process. Even non-callable 
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bonds, however, are volatility dependent. The available 
theories of the term structure of interest rates (cf., for 
instance, Vasicek (1977), Cox, Ingersoll,. and Ross (1985), 
Heath, J arrow, and Morton (1988), Brennan and Schwartz 
(1979), etc.) all show the presence of a variance parameter 
in the bond pricing formula. 

The practical impact of these contentions is that if the 
volatility increases unexpectedly, the price of a 
fixed-income instrument with a positive volatility exposure 
will instantly increase for a capital gain. An unexpected 
decrease in the interest rate volatility will generate a 
capital loss. If the volatility exposure of an investor's 
portfolio differs from that of a bond index or other 
benchmark of performance, the capital gains or losses will 
not match those of the benchmark and may result in a 
substandard performance. Like changes in interest rate 
level, a change in volatility of rates is a source of risk 
and returns. 

we wish to develop a framework in which interest rate 
volatility is explicitly recognized as a stochastic factor, 
and to determine the pricing of fixed-income securities and 
the term structure of interest rates consistent with a 
market equilibrium within that framework. 

This is indeed necessary in order to determine the role of 
changing volatility in fixed-income markets. We cannot 
postulate a term structure model in which volatility is a 
deterministic parameter, and study the effect of changes in 
that parameter. Varying the parameter would violate the 
assumption of such model that the parameter is constant, and 
therefore invalidate its conclusions. 

This paper presents a two-factor model of the term 
structure, in which the factors are the short rate and its 
instantaneous variance. The pricing of fixed-income 
instruments is derived under the equilibrium condition of no 
arbitrage. The 'exposure of security prices to each of the 
factors is determined, resulting in identification of 
duration and volatility exposure as the measures of risk. 
Implications for management of fixed-income portfolios are 
discussed in the context of both active and passive 
investment strategies. 

The Model 

Consider a term structure of interest rates in which the 
short rate r follows a diffusion process described by 
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where x Is a Wiener process with unit variance. 



The short rate shows a tendency to revert to a central value 
r, with the reverting force pc(r — r J proportional to 
its current deviation from the mean, and an instantaneous 
variance v. it may be noted that there is a non-zero 
probability, however small, for the short interest rate to 
reach negative values, and therefore this specification can 
serve only as an approximation to an economically meaningful 
market. 

If the variance v is constant, a one-factor description of 
the term structure can be derived after specifying the 
pricing of risk in the market. We will, however, assume 
that the variance is itself a stochastic process. 
Specifically, it will be supposed that it follows the 
process 



where AJ* > O is a long-term average value of v, 
is the proportionality constant of the mean reverting force, 
and f**T is the instantaneous variance, proportional to 
the level of v. The wiener process y is assumed to have a 
unit variance and correlation j) with the process x, % 



The variance v of the short rate possesses a stationary 
distribution concentrated on strictly positive values 
whenever 
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The stationary mean and variance of w are v and^Fsv/f' 
respectively. 

Alternatively, we can describe the volatility of the shox 
rate r in terms of its instantaneous standard deviation 
<T= ]pr ' , which is then subject to the process 



The standard deviation has a constant instantaneous 
variance, and stays positive in virtue of the drift term, 
which increases beyond bounds as (T approaches zero. 

The current values of r=r(t) and v»v(t) fully determine the 
probability distribution of the subsequent development of 
the process r(s), v(s) for s£ t. If, moreover, the risk 
preroia in the market are functions of r and v only, as we 
will assume, then the short rate and its variance constitute 
the two factors that specify the pricing of bonds and the 
structure of interest rates. 

Let P(t,s) » P(t,s,r,v) be the price at time t of a bond 
with a unit maturity value at s ^ t, given the current 
values r(t) = r, v(t> * v of the two factors. The behavior 
of the price can be described by the equation 

j£ fit — <fcu -t- {Ay 

where 

ft - f-C^ +■ *(r-r)r r + ft 

is the expected rate of return on the bond, and 

f = - lR P r /P 
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are the components , corresponding to the processes x,y, 
respectively, of the variance **—2.f><p<f' *-jf» of the , 
rate of return. We have arbitrarily fchofcen the signs of 
to correspond to the direction of the relationship between 
each factor and the price. Here and throughout, subscripts 
denote partial derivatives. 

An arbitrage argument applied to the equation for price 
(see, for instance, Ross, 1977) leads to the equilibrium 
condition 

holding for a bond of any maturity s ^ t, where q, p are 
the market prices of risk due to interest rate changes and 
volatility changes, respectively. The market prices of risk 
are independent of the bond maturity date s. 

We will assume that the risk prices are proportional to the 
risk level 



where are constants. This specification, together 

with the description of the processes r, v, fully describes 
the assumptions of the model. 

We will assume the following ranges for the values if the 
parameters : 

_/ < f> <. i 

> £-(>-(>) ■ 
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This last condition enforces the stability of the solution* 

Upon substitution of the appropriate expressions into the 
equilibrium condition, we obtain a partial differential 
equation for P*P(t,s,r,v) as 



This equation is subject to the boundary condition 



P(s,s,r,v) = 1. 



Since the coefficients in the equation axe assumed to be 
temporarily homogeneous, we will replace t by the time to 
maturity s-t. The term P* is then replaced by -P* , and 
the boundary condition will become 



P(0,r,v) = 1- 



The Solution 

The solution of the partial differential equation has the 
form 



P(t,r,v) = exp (-rD(t) + vF(t)+G(t)) 



where D(t), F(tf, and 6(t) are functions of the time to 
maturity, subject of the conditions 





D(0) = 0 
F(0) = 0 
G(0) = 0 . 
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To prove that, we get upon differentiation 

£ = r C - ri +- «rF V s' ) 
r r ~ - r>r 
Zr» rr 

r„ - - *rr 

and on substitution. 

We note that the left-band side expression is linear in r,v. 
Collecting the separate powers produces the following three 
equations: 



We thus see that if these three ordinary differential^ 
equations can be solved for the functions D, T, G 
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subject to the boundary conditions , the proposed form for P 
is indeed the solution of the partial differential equation. 

The first equation is easily Integrated for G to produce 



The second equation has the solution 

16b) - ^CI-jC**) , 

same as in Vasicek (1977). 

The third equation is the most troublesome. Substituting 
for D, we get an equation for the F in the form 

F ' - t£ ^ <- c r <- & - & F 

This is a Riccati equation, involving the square of the 
function. The substitution 
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allows transforming the equation into a linear second order 
equation for R. Indeed, we have 

FCf) m - A H'/H 

and after substitution and rearrangement, 



We seek a non-zero solution of this equation subject to the 
boundary condition 

h'(o) = o . 



Although the equation is of the second order, one boundary 
condition is sufficient to determine a solution up to a 
multiplicative constant and therefore the function F-(t> is 
uniquely given. 

A further transformation 



4r , 0<X&1 
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reduces this equation to the form 



where 



e = 




This is a homogeneous linear differential equation of the 
second order whose coefficients are linear functions of the 
variable. Every such equation can be transformed into 
Rummer's equation 



whose solution Wfr) can be expressed in terms of confluent 
hypergeometric functions. 

Although the solution of the equation for Q(x) is real, the 
transformation into the equation for W(r) involves complex 
values. There is no particular significance to the complex 
argument. It is simply the price to pay for wanting to 
express the solution of the equation for Q(x) in terms of 
functions that have been previously named and investigated. 
In fact, the computational procedures are highly efficient 
in the complex domain, with the resulting value of Q(x) (an 
therefore Fit)) being, of course, real. 
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The transformation of the equation for Q(x) into Rummer's 
equation has the form 



where 



v 2. 2. 



The values of the parameters a,b in Rummer's equation are 
then 



h - —6-1-1 



a. =£t> 



The complete solution of Rummer's equation is 



where , are arbitrary constants and 
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is the confluent hypergeometric function. 

On substitution, we get the solution for the function H(t) 
as 



To introduce a more compact notation, let B ~i9 & ~ Q —fa 
the two roots of the equation ' ' ) ' f 



be the two roots of the equation 
and define a^ , «^ , b^ , b^ by 

for j =1,2. Then 
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h ?e^w i-f ° non ~ lnt «9eV # since b, + b. - 2). When 
imitiS Jntegw, one of the functions M(£.b,* in the 

SSSS vX b J?^? J° S repl f Ced by the'logiriShS? 
13.1?6)7 (a ' b ' z) (cf * Abr«nowit« and Stegun (1977), 

To evaluate the function Tit), we have 

Calculating the derivative tfand using the fact that 

we get the following expression for F(t) : 

Fiir) - - ^l/^ 

P(0) B 0 . 
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The function F(t) is real, with a finite limit 



Finally, the function G(t) is calculated by integration as 



The Volatility Exposure 

From the form of the solution for the bond price 
P(t,r,v) = exp(-rD(t)+vFtt)+G(t)} 
we note that 
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The quantities D,F are thus the rate exposure (i.e., 
duration) and the exposure to volatility, respectively. 
Together, the duration and the volatility . exposure 
constitute the risk parameters of a bond. Moreover, since 
the expected rate of return is given by the equation 



the two measures also fully determine the bond expected 
return. 

The explicit form of D,F derived in the previous section 
applies to a pure discount bond. In order to generalize the 
concepts to coupon bonds, we will define the duration D* 
and the volatility exposure F* of a f ixed-income instrument 
priced at P* as 

D* = — F* /P* 




If the bond cashflows are c. , c_ , . . . , c , due at tines t , t 4 
,...,t n> then ■ i * m i 4 

<=/ ' 

and a simple calculation shows that both the duration and 
the volatility exposure of the bond are determined as 
weighted averages of those corresponding to the individual 
cashflows, 

F* = jf*r. Fit;) . 
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The weights are the present values of the payments, 



The same principle applies to portfolios of fixed-income 
instruments: both risk measures combine linearly in the 
market values of the portfolio components. 

The dynamics of a discount bond price can be written as 



is a deterministic part of the drift, and Ddr r Tdv are the 
stochastic elements. It is easy to establish that the same 
equation holds for any fixed-income instrument or a** * 
portfolio. 



This means that two portfolios will have the same returns 
over a given period if/ and only if, their durations and 
their volatility exposures are kept matched during that 
period. 

The volatility exposure thus enters as an additional risk 
measure • In markets described by the short rate as the only 




where 
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stochastic factor , duration is the sole risk measure, and 
portfolios with the same duration will exhibit identical 
price movements. When the variability of the short rate is 
itself subject to unforeseen changes, duration alone has to 
be replaced by the dual measure of risk (and expected 
return) consisting of duration and the volatility exposure. 

The two measures will be relevant to both an active and a 
passive investor. An active investor takes a position with 
respect to the market based on a forecast , or expectation, 
of the factors affecting the portfolio return. If the 
investor expects a rate increase, say, over that expected by 
the market he will shorten the duration of his portfolio. 
kn investor expecting more volatile times than the current 
market pricing implies will decrease his volatility 
exposure. 

A passive investor, on the other hand, strives to reduce or 
eliminate the risk of negative performance against an 
investment benchmark. This benchmark may be the present 
value of the liabilities in pension plan funding, or the 
value of guaranteed income certificates issued by an 
insurance company, or the return on a market index used to 
judge the manager 9 s performance. The passive investor will 
match the duration, and the volatility exposure, of his 
portfolio to those of the benchmark. 

Regardless of whether the investor pursues an active or 
passive strategy (the distinction is that of a degree , 
anyway, since it is determined by the extent to which the 
investor's expectations differ or not differ from those of 
the market), he will necessitate means of measuring the 
portfolio exposure to sources of risk. If interest rate 
volatility is a factor in pricing of f ixed-income 
securities, measurement and control of volatility exposure 
in addition to rate exposure should lead to an Improvement 
in portfolio management. 

References given above to certain papers arc cited as follows: 



Brennan, MJ., and Schwartz, E.S., "A Continuous Time Approach to the Pricing of 
Bonds". Journal of Banking and Finance. 3(1979), 133-155. 



Cox, J.C, Ingersoll, Jn, LR, and Ross, S*A M tt A Theory of the Term Structure of 
Interest Rates", Economctrica. 53(1985), 385-407. 
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Heath, D„ Janow, IL, and Morton, "Bond Pricing and the Term Structure of Interest 
Rates: A New Methodology", working paper, (1988). 

Langetieg, T.C, "A Multivariate Model of the Term Strucutre" , Journal of Finance. 
35(1980), 71-97. 

Ross, SA, "Return, Risk, and Arbitrage", Risk and Return in Finance, LFriend and Jl. 
Bisksler (Ed), Ballinger Publishing (1977). 

Vasicek, OA, "An Equilibrium Characterization of the Term Structure", Journal of 
EnanriaiRgppmfcs. 5(1977), 177-188. 



Thus, what has been described is an improved system for assessment and management of 
an asset or portfolio of assets. 
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CLAIMS 

What is claimed is: 

1. An apparatus for determining the relative risk of a financial instrument to changing interest rate 
volatility comprising: 

(a) data storage means for storing historical interest rate volatility data; 

(b) calculation means for calculating a volatility exposure value from said historical interest rate 
volatility data, said calculation means coupled to said data storage means; 

(c) output means for output of said volatility exposure value. 

2. The apparatus as recited by claim 1 further comprising: 

(a) means for specifying an expected level of interest rates in the future; 

(b) means for input of data regarding a financial instrument; 

(c) means for calculating an expected return of said financial instrument, said expected return 
calculated based on said volatility exposure value and said expected level of interest rates. 

3. The apparatus as recited by claim 1 wherein said data storage means comprises a disk drive. 

4 . The apparatus as recited by claim 1 wherein said calculation means comprises a central 
processing unit 

5 . Hie apparatus as recited by claim 1 wherein said output means comprises a display. 

6. An apparatus for assessing the exposure of a financial instrument to interest rate changes 
comprising: 

(a) means for input of an historical analysis of interest rate volatility; 
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(b) means for staring said historical data, said means for storing said historical data coupled to 
receive said historical data from said m^nn<i for inpntt of said historical data; 

(c) means for input of data regarding a futures contract; 

(d) mrem? for storing said data regarding a futures contract, said means for storing said data 
regarding a futures contract coupled to receive said data regarding a futures contract from 
said means for input of said data regarding a futures contract; 

(d) means for calculating a volatility exposure value representative of the percentage change in 
valuation of said financial instrument resulting from a one unit change in volatility of 
interest rates, said means for calculating a volatility exposure value coupled to receive said 
historical data and said data regarding a futures contract; and 

(e) output means for displaying said volatility exposure value. 

7. The apparatus as recited by claim 6 further comprising: 

(a) means for specifying an expected level of interest rates in the future; 

(b) means for input of data regarding a financial instrument; 

(c) means for calculating an expected return of said financial instrument, said expected return 
calculated based on said volatility exposure value and said expected level of interest rates. 

8. A method fecktennining the relative risk of ^ 
volatility comprising the steps of: 

(a) inputting an historical analysis of volatility of interest rates; 

(b) calculating a volatility exposure value representative of the percentage change in 

valuation of said financial instrument resulting from a one unit change in the volatility 
of interest rates, said step of calculating said volatility exposure value V based on said 
historical analysis of volatility; 
(b) outputting said volatility exposure value. 
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9. A method for assessing die exposure of a financial instrument to interest rate changes 
comprising die steps of: 

(a) calculating a volatility exposure value representative of the percentage change in 
valuation of said financial instrument resulting from a one unit change in the volatility 
of interest rates, said step of calculating said volatility exposure value comprising the 
steps of: 

0) forming an expectation El as to the expected level of volatility in interest rates 
during period P; 

(n) applying said expectation El as a first parameter PI to a formula F; 
(v) said formula F providing, as a result, said volatility exposure value V; 

(b) evaluating the relative risks and potential returns of said financial instrument based on 
said value V. 

10. A method for assessing the exposure of a financial instrument to interest rate changes, as 
recited by claim 9, wherein said evaluation of the relative risks and potential returns of said 
financial instrument further comprises the steps of: 

(a) fcraiing an expectation E2 as to the expected level of interest rates during said period 
P; 

(b) applying said expectation El as a second parameter P2 to a formula F. 

11. The method as recited by claim 9 wherein said financial instrument is a portfolio of financial 
devices. 

12. The method as recited by claim 9 wherein said financial instrument is a portfolio of fixed 
income investments. 
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13. The method as recited by daim 9 wherein said financial instrument is an individual asset 

14. The method as recited by claim 9 further comprising the step of calculating a convexity valu e. 

15. A method of assessing the relative risks and potential returns of a financial instrument 
comprising the steps of: 

(a) calculating a duration value; 

(b) calculating a volatility exposure value, said volatility exposure value being calculated as 
a stochastic factor representative of die percentage change in valuation of said financial 
instrument resulting from a one unit change in volatility of interest rates; 

(c) applying said duration value and said volatility exposure value to calculate an overall 
expected percentage change in valuation of said financial instrument resulting from a 
one unit chan ge in volatility of interest rates. 

16. The method as recited by claim IS further comprising the step of calculating a convexity value. 

17. An improved method for evaluating risks inhabit in a financial portfolio where said financial 
portfolio has a duration D, said improvement comprising die steps of: 

(a) calculating a volatility exposure value V, said volatility exposure value V being 
calculated as a stochastic factor representative of the percentage change in valuation of 
said portfolio resulting fiom a one unit change in volatility of interest rates; 

(b) applying said duration D and said volatility exposure value V to calculate an ove^ 
expected percentage change in valuation of said financial instrument resulting from a 
one unit change in volatility of interest rates. 
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18. An improved method for evaluating expected returns of a financial instrument comprising the 
steps: 

(a) calculating a volatility exposure value, said volatility exposure value being calculated 
utilizing volatility of interest rates as a stochastic factor, said volatility exposure value 
representative of a percentage change in valuation of said instrument resulting from a 
one unit change in volatility of interest rates; 

(b) forming an expectation as to changes in volatility of interest rates during a holding 
period for said instrument; 

(c) calculating the difference between the current level of volatility of interest rates and the 
expected level of volatility of interest rates at die end of said holding period; and 

(d) multiplying said difference by said volatility exposure value. 

19. A method for determining efficient portfolios of financial instruments based on interest rate 
level and volatility forecasts comprising the steps of: 

(a) calculating an implied market volatility level; 

(b) estimating expected interest rate levels at given points in time; * 

(c) specifying maximum and minimum holdings for each of a plurality of financial 
instrument classes; 

(d) analyzing said financial instruments based on said implied market volatility and said 
estimated expected interest rate levels; and 

(e) providing an efficient portfolio based on said specified maximums and mimm^ nns and 
said analysis. 

20. The method of claim 19 wherein said step of calculating said implied market volatility 
comprises the steps of: 

(a) specifyin g a risk-free interest rate; 
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(b) specifying a price of a futures contract; 

(c) specifying aduiation of said futures contract; 

(d) specifying data on options for said futures contract; and 

(e) calculating said implied market volatility based on said risk-free interest rate, said 
futures contract and said option. 
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